Chapter 5 
Transient Analysis 


Jaesung Jang 


Complete response = Transient response + Steady-state response 
Time Constant 
First order and Second order Differential Equation 


Transient Analysis 


e The difference of analysis of circuits with 
energy storage elements (inductors or 
Capacitors) & time-varying signals with 
resistive circuits is that the equations 
resulting from KVL and KCL are now 
differential equations rather than algebraic be O A O 
linear equations resulting from the resistive 1 Kids BE lg 
circuits. | 























HA 


e Transient region: the region where the s 
signals are highly dependent on time. å 
(temporary) o 

— No voltage or current sources 
— Transient Analysis 

e Steady-state region: the region where the 
signals are not time dependent (time rate of 
change of signals is equal to zero) or 
periodic. dl), 

— Constant signals dt 
— Sinusoidal signals 





























Solution of Ordinary Differential Equation 


Transient solution (Xn) is a solution of the 
homogeneous equation: transient (natural) 
response. -> temporary behavior without the 
SOUrCe. 

steady-state (particular) solution (x+) is a solution 
due to the source: steady-state (forced ) 
response. 


Complete response = transient (natural) response 
+ steady-state (forced ) response -> X = Xy + Xe 


First order: The largest order of the differential 
equation is the first order. 

— RLor RC circuit. 
second order: The largest order of the differential 
equation is the second order. 

— RLC or LC circuit. 





























Writing Differential Equations 


e Key laws: KVL & KCL for capacitor voltages or inductor currents 


KCL:ip =ic > =ie 
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ti, , 
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i-R+v-(t=0)+ dt’ =v, 


| | di | d 

dice o += dvs + Sc te = 5; Differential equation for iç 
dt C dt dt RC Rat 

Ye; a Pte _, We, Vo _ Vs 
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: Differential equation for vç 


dx(t) 





Un + dyx(t)= bo f(t) 


where x(t) represents the capacitor voltage or the inductor current and 
the constants a,,a,), and by represents combinations of circuit element parameters. 


— First - order linear ordinary differential equation 


e Key laws: KVL & KOL 
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Writing Differential Equations (cont. ) 
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or display. 


KCL :ip =iç =i, =i 





iR + ve +f Jar +18 Vg 
0 
` å 2 2. ; 

ul FRA joik Å FEL = += ad : Differential equation for i 
d C d å å Ldt LC Lat 
a We Ys Yc YL , dvc Vs Vo 1 rd cc 
R dt R dt R R R\ dt dt 

d d 
RC = Ve = Vc 7 LC rc 

dt dt” 





d* d 
LC | ; de 3 + RC + Ve = Vy : Differential equation for ve 
t” [ 


+ agx(t) =bof (t) — Second - order linear ordinary differential equation 
[ 


where x(t) represents the capacitor voltage or the current and 


the constants a,,a,,d,), and by represents combinations of circuit element parameters. 


md “x(t pl) 


do dt? 


where the constants @, = vag /a, ,6 = 


ag dt 


Ag 


and the DC gain, respectively. 


(a, 12) 2),/1/aga, and Ks = b, fag termed the natural frequency, the damping ratio, 





rar as i 


o, dt K; f(t) 


Examples of Writing Differential Equations 
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KCL tig =i; tip, S Vg 
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R d . . 
= a Vi Vi = as : Differential equation for vy 
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di, 
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di, 
R, +(R RC + år + ÅR, +R, Ji; = vs : Differential equation for i, 
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DC steady state solution: Final Condition 


e Steady state solution due to AC (sinusoidal waveforms) is in Chap. 6 (frequency 


response). 


e DC steady state solution: response of a circuit that have been connected to a DC 
source for a long time or response of a circuit long after a switch has been 


activated. 


— All the time derivatives are equal to zero at the steady state. 


e Capacitors: insulators (very large resistances) are inside the capacitors. 
e Inductors: Induction works only when the change in electric fields happens. 


+ VR — 








= — (l) as t 3 œ 


dv (t) 
t =- CC 

ic (t) å 

OE 


At DC steady state, 
all capacitors behave as open circuits 


and all inductors hehave as short circuits. 


di di 
dve NG. VS R,LC—£ +(R RC + L) + (R, +R, Ji, = Vg 
dt RC RC dt dt 
vc = Vy at the steady state , Vg M 


1; = ———— at the steady state 
7 (R, + Ry) á 


DC steady state solution: Initial Condition 


e Initial condition: response of a circuit before a switch Is first activated. 
— Since power equals energy per unit time, finite power requires continuous 


change in energy. 


e Primary variables: capacitor voltages and inductor currents-> energy 


Storage elements 


w= Wel)=- el) 


— Capacitor voltages and inductor currents cannot change instantaneously but 
should be continuous. -> continuity of capacitor voltages and inductor 


currents 


— The value of an inductor current or a capacitor voltage just prior to the 
closing (or opening) of a switch is equal to the value © Just. after the switch has 


been closed (or opened). 
velt = 0-)= velt = o”) 
i, ( = 0-)= i le =0" 
where the notation 0 signifies " just before t = 0" and 


0” signifies " just after t = 0" 
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vel) 





f= Í 


Discontinuous of capacitor voltage 
-> Infinite power at t=0. 


First Order Response 


e First-order circuit: one energy storage element + one energy loss 
element (e.g. AC circuit, AL circuit) 


e Procedures 


— Write the differential equation of the circuit for t=0*, that is, immediately 
after the switch has changed. The variable x(f) in the differential equation 
will be either a capacitor voltage or an inductor current. You can reduce 
the circuit to Thevenin or Norton equivalent form. 


— Identify the initial conditions x(t=0*) [= x(t0°)] and final conditions x(t=). 
— Solve the differential equation. 
— Write the complete solution for the circuit in the form. 


x(t) = x(t = 00) +| x(t = 0)— x(t = 00) |exp(—t/z) 


e The time constant (T) is a measure of how fast capacitor voltages or 
inductor currents react to the input (voltage or current source). It is a 
period of time during which capacitor voltages or inductor currents 
change by 63.2% to get to the steady state. L(+ = 2) —x( = 0)] 


[x(t = c0)— x(t = 0)| 





=1-e" =0.632 


First Order Response (cont.) 


e First-order circuit: one energy storage element + one 
energy loss element (e.g. RC circuit, RL circuit) 


å = lnr aAA, d)= L Aia FE, st) Ke fl 





where T = a, /ag and K; = by /ag termed the time constant and DC gain, respectively. 


Natural Response 


a n (t) =0 S — zanl) > Xy (t) — xe!” where x, 1s a constant. 
C 


Forced Response due to DC (where f (t) =f ) dr) 30 





dt 
HE), 4) KF t20 > x,(t)= KF t20 
Complete Response 


x(t)= xy (t)+ xp (t)=xpe + x(t = 20) = xge™? + Ky F(for DC) 
x(t =0)= Xo + x(t = œ) —> Xo = x(t =0)- x(t = œ) for t >0 


Volts 


0 02 


Volts 


Copyright© 


SES First Order Response 1 
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Ep ete, transient, and steady-state response of RC circuit 
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| 
Time (s) 
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= le transient, and steady-state response of RC circuit 


—10 
0 02 
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Time 


(b) 


(s) 





L2 14 16 IS 2 


A 
=, av ) vc (t) C 
(1 
"R ve(0)= 


Stepl: KCL ig =ic >E sic 


KVL :-— vg + Vg +vc =0 > —vs tipR+v-c =0 

jp =cP = se Ea C T EL EP 
R dt R dt 

Step2: velt=0"]=5V=vel=0"Lvett==)=12V(=vs) 
Step3: x =vc,T = RC = IkQx470uF = 0.47, Ks =1, F = pg 
Step4: ve (t) = (ve (1 = 0)-ve (t — 00) Je" + Ve (t = co) —12 + e 


11 


Example: First Order Response 2 
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Stepl: KCL tip =i; 


di 


+ dt 
PEN i, =—B 103 rE i= KF 
R dt R dt 
+ Step2 : i ( - 0° )=0A=i,( =0* |i, (t=00)= 0, /R=12.5A 


Step3: x=i,,T7=L/R=0.1H/4Q = 0.025, K, =1/R, F =v; 
— Step4: i, (t)= (i; (t =0)-i, (1=)Je""" +i; (t = 0) =12.5+(-12.5)e 10 
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ee transient, and steady-state == of RL circuit pa transient, and TL response of RL circuit 


— (1), TE 
— ialt) 


Amperes 
Amperes 


-15 EN OG 44a el — S |_ 
0 0. 01 0.02 0.03 0. 04 0. 05 0. 06 0. 07 0.08 0. 09 0.1 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
Time (s) Time (s) 





(a) (b) 
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First Order Transient Response Using 
Thevenin/Norton Theorem 
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e One must be careful to determine the equivalent Rr 
circuits before and after the switch changes position. 
— itis possible that equivalent circuit seen by the load —— 
before activating the switch is different from the circuit org 
seen after closing the switch. me å siemen 
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R3 | ME Ç 





First Order Transient Response Using 
Thevenin/Norton HET (coni ) 





dv dx(t) 
Stepl: R-C—&+v,=V. t>0737r— + 
p T EP C T J 


x(t)=K oF 


Step2 : velt=0"J=V, = volt =0* |volt==)=V; 


Step3: x=ve,T= RFC, Ks =1, F = Vy 


Step4: ve (+) = (ve (t — 0)- ve (t _ vo Jet re 


VY, V 
Rr =R; || R || R; Vr=R [EE] 
l 


volt =œ) = (V, -Vr Je!” +V7 


— I 


-4- 
I(t) 
vc (0) =) V 


Step1: 
Step2: 
Step3: 
Step4 : 


c(h) C 


RCE +, = Vs 0910), of) = KsF 


velt =0")=vel=0" lvelt==)=v 
X=Ve,T= RO, Kg =1,F =v; 
velt)=(velt=0)-velt==)e"" +velt=) 


First Order Transient Response Using 
samples Thevenin/Norton Theorem (cont. ) 
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Ri "R3 0 (closing) < t< 50 ms 


Stepl:: RCE + ¥¢ = V7 > 09 kr 


Step2 : velt=0")=0=velt=0* bye (t= 00) =V> 
Step3: x=Vve,T= RFC, Ks =1, F =V7 


Step4: ve (t) = (ve (t = 0)- ve (t = oo )je "7 + Ve (t = 00 ) = (— Vr Je" +Vr 


R 
R =(R || R )+R3 V= 2 — V» : voltage divider 





R +k, 


50 ms (open the switch again) < t 
dv d 
Stepl : RECT + v¢ =Q0t>0>7 CUR x(t)=K,F 


Step2: Vo l =0 | Vo (t = 50ms \(from the solution above) = Ve = Ve ( =0" ) Vo (t = oo) =0 


Step3: x=vc,T= RFC, Ks =], F = 0 where|Ry = R, +R} 


Steps: vele)=(relt=0)-velt ==" tvel =)= bak > vele) = hri 0%)" 





RC Charging & Discharging 


Discharging 


100 V 





Charging: S, closed & S, opened 
Discharging: S, closed & S, opened 
Time constant (T= RG)=0.1 SEC Charging 









EH = 


nt Ve JAA 
100 KO å å 





I, On 


Note: Capacitor voltage is continuous, 
but capacitor current is not (many JUMPS). — +100 vė 


Ix(t=7)—xlr = 0)) 1-e?=0632 å 





| | i | 
| | | 
F | a 
-100 V | | ; | 16 
| | 


Second Order Transient Response 
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e Second-order circuit: two energy storage element w/wo “ee 
one energy loss element (e.g. ALC circuit, LC circuit) AMA 
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he | 


is (t) 





YT (£) VC (2) Parallel case 


(a) 





; l . V : À 
KCL tig =ic +1, >z Ti tic 
T 


Veo... l di, | . dvc . d| , di; 
— =i tie > — | vr -L— | =i, +C— =i, +C—| LE 
R LC vr L y 











7 7 dt dt\ dt 
1 di d*i d'i Ldi Series case 
— | vp = LL | =i, +LC a ty OPL jg på 

Kr dt dt Ry d? R, dt (b) = 


Second Order Transient Response (cont.) 


2 
d Ht) Å 
dt 
where the constants @, = Jay ar , E =(a,/2),/1/agay and Ks = by /ag termed the natural frequency, the damping ratio, 
and the DC gain, respectively. 








a + ayx(t)= bof (t)> AE + 26 BU, x(t)= Ks f(t) 
t w, dt O, dt 


ay ay 


« The final value of 1 is predicted by the DC 
gain Ks=1, which tells us about the steady 
state. 


e The period of oscillation of the response is 
related to the natural frequency w.=1 leads 
to T=2 pi/w, = 6.28 sec. 


Normalized amplitude 


e The reduction in amplitude of the 
oscillation is governed by the damping 
ratio. With large damping ratio, the 

0 5 10 15 20 25 30 35 40 response not overshoots (oscillates) but 


Time (s) looks like the first order response. 
o, =1,¢ =0.land K; =1 





e Damping -> friction effect 


second Order Response 
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Lo) EO kst) 


wo d? @, dt 























Natural Response 
2 | 
nel, 20, po > 
EN 2 a ae A = 
oO, dt Q, dt = 
ær 
= Zeta = 0.2 
are | weess =F, to ET == 
Case I : Real and distinct roots (4 > 1) — Overdamped response = - Zeta = 0.6 
= Zeta = 0.8 
— Look like the first order system z Sm ii 
[ -2 å 5 
512 = —CO, = O, 4 = 
Case 2 : Real and repeated roots.(¢ = 1) 
— Critically overdamped response — Oscillation | 
0 5 IQ |S 20 25 30 35 40 
512 570, Time (s) 


Case 3 : Complex roots (å < 1) — Underdamped response — Oscillation 
S12 -_ -CO a JO, |- 4 


Forced Response due to DC (where f (t) = F ): a 30 
í 


1 d*xp(t) 20 dxplt) 
TG + xp lt)= Ks f(t) 120 > arh) =KsF|r>0 


n n 


Complete Response 19 
x(t)= xy(t)+x,-(t) @ anda» is constants that will be determined by the initial conditions. 


Second Order Response (cont.) 


e Procedures 

— Write the differential equation of the circuit for t=0+, that is, 
immediately after the switch has changed. The variable x(f) in the 
differential equation will be either a capacitor voltage or an 
inductor current. You can reduce the circuit to Thevenin or Norton 
equivalent form. Rewrite the equation as the standard form. 

— Identify the initial conditions x(t=0*) and dx/dt(t=0*) using the 
continuity of capacitor voltages and inductor currents. 

— Write the complete solution for the circuit in the form. 

Case I : Real and distinct roots. (Å > 1): x(t) = me Ft (es) + more Ve} + 


Case 2 : Real and repeated roots.(¢ =1): x(t)= ae an Ate an) +x my 


Case 3 : Complex roots (£ <1): xlr)= are PEER ) rae le } +Xrp (t) 


— Apply the initial conditions to solve for the constants å and 0. 


xp (t) 


20 


Example: Second Order Response ~ 


Stepl: KCL:i, =i, =i, >£ =i, tic t=0 +e- g 
Ry 
KVL:-—vs tVp tVi tvc =O Vp tv, tVC= Vs 








+ veit) — 
aa 
ve (6) 


t 
. . ? , . d 
Rr Ls velt=0)+ [E arov orari i Aso 
[ t í [ 


Step2: vel =0"J=5V =ve =o }i, ( -0-)=0A=i,¢=0"] 
ae a 25v L k = 0" )=20A/s Lack Lie 06 
Vs=25V 





LEE 26 =a ) 
o dt 








d'i di I od 
Lav “L. i, 0: 
T 


=0> 
dt 


l 
— = LC > 0, = 
w ia" 


— Overdamped response 


År (t) = oe” T ae”? where Sy, 2 = —Co, + ro VS 


Complete Response (forced response = 0) 


(60, +0, (81 | [-60,-0, (61 | 
+0,e 
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6 Complete response of 
RC 3 C= er a _ 5000 000 110 -25 _*x 10° overdamped second-order circuit 






= 1000 (rad/s), 

















Current. A 


i,(t)= aye 


di in | Complete response 
Step4: Using 0 A =i; e = o*) and ul =0" |- 20A/s, determine the constants @, and @, ge Natural response due to first root 
f 


Natural response due to second root 


| = — Forced response 


il -0*)=0=a,+a, 


PL =a[- CO, + @ 6-1). C “ a) +a, - CO, —@ 6-1). i = EI) ka sui | x 103 
Fu =0"]=20=a(-60, +0,\6?-1]+a,{- 60, 0,01] 1 





Current. Å 


Overdamped and Underdamped Circuit 
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Complete response of 
overdamped second-order circuit 
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x 103 Complete response of underdamped second-order circuit 


Complete response 
o Exponential decay factor 
x Cosinusoidal factor 
— — Forced response 


Current, A 


Complete response 
Natural response due to first root 
Natural response due to second root 
| == Forced response 
| 





0 | 2 3 4 5 3 0 0.005 001 0.015 002 0,025 0.03 
Time (s) x 107 Time (s) 
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